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In situ strengthThis study aims to bridge the gap between classical understanding of transverse cracking in cross-ply
laminates and recent computational methods for the modeling of progressive laminate failure. Speciﬁ-
cally, the study investigates under what conditions a ﬁnite element model with cohesive X-FEM cracks
can reproduce the in situ effect for the ply strength. It is shown that it is possible to do so with a single
element across the thickness of the ply, provided that the interface stiffness is properly selected. The opti-
mal value for this interface stiffness is derived with an analytical shear lag model. It is also shown that,
when the appropriate statistical variation of properties has been applied, models with a single element
through the thickness of a ply can predict the density of transverse matrix cracks.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
The ﬁdelity of progressive damage analysis of laminated com-
posite structures has improved dramatically with the application
of the extended ﬁnite element method (X-FEM). The X-FEM, origi-
nating from work by Moës et al. (1999), allows for the modeling of
discontinuities that run through ﬁnite elements, which provides a
tool for the direct insertion of transverse matrix cracks in direc-
tions that are independent of mesh orientation (Ling et al., 2009;
Van der Meer and Sluys, 2009; Iarve et al., 2011). Modeling and
failure analyses of laminates with X-FEM is typically performed
at the mesolevel, in which each ply is represented by a homoge-
neous orthotropic material. In order to capture the proper se-
quence of load redistributions that result from interactions
between matrix cracks and delaminations, it is necessary to model
each ply with separate elements. Therefore, the minimum mesh
requirement consists of a single layer of elements across the thick-
ness of each ply and a layer of cohesive elements between the
plies.
Few developers, if any, have used more than one element over
the thickness of a ply because the computational requirements
associated with such small elements render intractable analysis
of any structure larger than a small coupon. However, the elliptical
opening proﬁle of a transverse crack cannot be represented with asingle layer of elements. To date, it has not been studied whether
the choice for a single layer of elements per ply harms the predic-
tive capability of mesolevel X-FEM models.
The aim of the present study is to ﬁll this gap and to investigate
to which extent mesolevel X-FEMmodels with a single layer of ele-
ments per ply can capture accurately all aspects of matrix cracking.
These aspects include the in situ ply thickness effect on crack ini-
tiation and propagation, the development of crack density as a
function of stress, and the crack density at crack saturation. This
study is performed using X-FEM but the conclusions also apply
to cohesive modeling of transverse cracking with pre-inserted
cohesive elements (Wisnom and Chang, 2000).
A fundamental test case of transverse cracking that has been
studied extensively is that of [0/90]s cross-ply laminates subjected
to tensile loads. Comprehensive reviews of available literature
have been written by Nairn (2000) and Berthelot (2003). According
to micromechanical studies, transverse cracks nucleate where
several ﬁbers have debonded from the matrix (Bailey et al., 1979;
Canal et al., 2012). The cracks then grow from these nuclei, ﬁrst
through the thickness of the ply and subsequently in the longitudi-
nal direction (Dvorak and Laws, 1987).
These studies also demonstrate that the transverse stress level
at which cracks develop depends on the thickness of the plies
(Garrett and Bailey, 1977; Parvizi et al., 1978; Crossman andWang,
1982). This thickness-dependent ply strength is referred to as the
in situ strength. A theory to predict the in situ strength was devel-
oped by Dvorak and Laws (1987) and was later generalized by
Camanho et al. (2006). A second phenomenon that has received
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increased. Measurements have been performed on many different
systems (Garrett and Bailey, 1977; Parvizi et al., 1978; Manders
et al., 1983; Liu and Nairn, 1992). Modeling of this phenomenon
has been conducted with analytical shear lag models (Garrett
and Bailey, 1977; Laws and Dvorak, 1988) and also with computa-
tional models that include stochastic effects (Berthelot and Le
Corre, 2000; Nairn, 2000).
The models that have been developed to describe these phe-
nomena are mostly dedicated models designed for a particular fun-
damental geometry and loading. However, the extent to which
state-of-the-art computational methods with a more generic in-
tent can predict the experimentally observed phenomena of trans-
verse matrix cracking has not been properly addressed. Maimí
et al. (2008) applied a continuum damage mechanics model to
model progressive failure in cross-ply laminates. Good agreement
with experimental observations in terms of stiffness change due
to multiple transverse cracks was reported. However, crack propa-
gation in the longitudinal direction, which is crucial for the in situ
effect, was only demonstrated qualitatively due to the computa-
tional cost of a sufﬁciently large three dimensional model. Cid
Alfaro et al. (2009) studied delamination and cracking in ﬁber me-
tal laminates with a pre-crack in the metal layer. A cohesive model
was employed to study the inﬂuence of plasticity and fracture
strength on the residual strength of the cracked laminate. Zhou
et al. (2010) conducted parametric studies of the interaction
between transverse matrix cracks and delamination using a
three-dimensional cohesive model. Although no comparison with
experimental results is provided, the results indicate that the mod-
el has the potential to represent the initiation, tunneling and
delamination associated with transverse matrix cracks.
In this paper, the X-FEM with cohesive cracks is applied to the
classical case of transverse cracking in cross-ply laminates under
in-plane tensile load. The case is analyzed with two different levels
of reﬁnement. First, a detailed three-dimensional model composed
of several elements through the thickness of each ply is developed.
Then, the results from this detailed model are used as reference to
assess the performance of a simpliﬁed model with a single layer of
elements per ply.
The paper is organized as follows. In Section 2, the theory be-
hind the in situ transverse strength is brieﬂy reviewed. In Section
3, a detailed three-dimensional X-FEM model for the initiation
and propagation of a single transverse matrix crack is described.
The ability of this reference model to predict the effect of ply thick-
ness on the in situ strength is discussed. In Section 4, the results
obtained with a simpliﬁed three-dimensional model in which a
single element is used across the thickness of the transverse ply
are presented. It is investigated under what circumstances this rel-
atively coarse model can approach the accuracy of the detailed
model. Finally, in Section 5 the reference model and the simpliﬁed
model are applied to a case with multiple cracks and the extent to
which using a single layer of elements per ply affects the predicted
crack density and crack saturation is investigated.2. In situ strength theory
The in situ strength can be predicted with fracture mechanics
when a crack nucleus in the transverse ply of a cross ply laminate
is presupposed (see Fig. 1). Dvorak and Laws (1987) derived
expressions for the energy release rate associated with the growth
of this crack nucleus in the thickness and longitudinal directions.
Relations in closed form were derived for the case in which the
height of the crack nucleus 2d is smaller than the ply thickness
t90. For this case, the energy release rate for propagation in the
thickness direction is greater than that for propagation in thelongitudinal direction. Therefore, the crack will ﬁrst grow in the
thickness direction. The energy release rate for propagation in
the thickness direction with d t90 is given as:
GT ¼ 12pd K22r
2
22 þK44r223 þK66r212
  ð1Þ
with
K22 ¼ K66 ¼ 2 1E2 
m212
E1
 
and K44 ¼ 1G12 ð2Þ
where E1 and E2 are the longitudinal and transverse ply stiffness,
G12 is the in-plane shear modulus of the ply and m12 is the in-plane
Poisson’s ratio. Because the energy release rate increases with d, the
through-thickness propagation is unstable.
The Dvorak in situ model assumes that the size of the initial nu-
cleus is independent of the ply thickness. Therefore, the transverse
stress level at which the unstable propagation through the thick-
ness starts is also independent of the ply thickness. For uniaxial
tension, the transverse strength can be obtained from Eq. (1) by
setting r23 ¼ r12 ¼ 0 and substituting the fracture energy GIc for
the energy release rate GT . Solving for r22 gives:
r22;T ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2GIc
pdcK22
s
ð3Þ
where dc is the critical defect size which is assumed to be a material
characteristic.
When the crack approaches the interfaces with the constraining
plies, i.e. when 2d approaches t90, a closed form solution of the en-
ergy release rate for crack propagation is more difﬁcult to obtain.
The energy release rate for through-thickness propagation remains
greater than the energy release rate for longitudinal propagation
until the crack approaches the interface. Then, the crack can only
propagate in the longitudinal direction. Dvorak and Laws (1987)
proposed the following approximation for the longitudinal energy
release rate when the crack approaches the interface:
GL ¼ 14pd nIK22r
2
22 þ nIIK44r223 þ nIIIK66r212
  ð4Þ
where nI; nII and nIII are coefﬁcients that take into account the inﬂu-
ence of the constraining ply on the stress ﬁeld. Dvorak and Laws
(1987) showed that in the elasticity solution these coefﬁcients have
values that are lower than 1, but they also argue that interface dam-
age leads to an increase in their effective value. Because an accurate
value of the coefﬁcient in the presence of interface damage is difﬁ-
cult to determine, they estimated ni ¼ 1, an assumption that has
been followed in later publications (Dávila et al., 2005; Camanho
et al., 2006).
Because through-thickness propagation always precedes longi-
tudinal propagation, it is possible to substitute t90 ¼ 2d in Eq. (4).
Therefore, for uniaxial tension loading, the stress level related to
longitudinal crack propagation can be expressed as:
r22;L ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8GIc
pt90K22nI
s
ð5Þ
Crack propagation in the longitudinal direction is stable, because
the stress level in Eq. (5) does not depend on the crack length.
Hutchinson and Suo (1992) referred to this process as steady-state
propagation of a tunneling crack and also derived the 1=
ﬃﬃﬃﬃﬃﬃ
t90
p
depen-
dence for the stress level at which this process occurs. Hutchinson
and Suo (1992) furthermore stated that whether or not this stea-
dy-state process is preceded by unstable crack growth from the ﬂaw
depends on the relative size of the initial ﬂaw with respect to the
layer thickness.
In order to form a complete matrix crack, the averaged trans-
verse tensile stress has to exceed r22;T (Eq. (3)) and r22;L (Eq. (5)).
Potential crack plane,
with crack nucleus
0
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Fig. 1. First ply failure in cross-ply laminate loaded in tension.
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material characteristic, and on the ply thickness t90. For any mate-
rial, there must exist a range of large values of ply thickness for
which r22;T > r22;L and a range of small values of ply thickness
for which r22;L > r22;T . Therefore, Eq. (3) represents the in situ
strength for thick plies, while Eq. (5) represents the thin ply
in situ strength. However, Eq. (3) cannot be used directly to deter-
mine the in situ strength of thick plies because dc is unknown.
Therefore, Dvorak and Laws (1987) proposed to relate the thick
ply in situ strength to the transverse tensile strength measured
on an unconstrained unidirectional ply, r22, as:
r22;T ¼ 1:12
ﬃﬃﬃ
2
p
r22 ð6Þ
where the multiplier 1.12 accounts for the stress intensity magniﬁ-
cation of a surface crack.
With this theory, the in situ strength can be computed for any
ply thickness as the maximum of the thin ply in situ strength
(Eq. (5)) and the thick ply in situ strength (Eq. (6)). The thin ply
in situ strength is the most relevant, because the ply thicknesses
used in structural components are seldom, if ever, thick enough
to correspond to the thick mode of propagation.
Dvorak and Laws (1987) showed that experimentally observed
trends in the in situ strength can be predicted well with this the-
ory. For very thick plies, experiments reveal an in situ strength that
is independent of the ply thickness as in Eq. (6), while for thin plies,
the strength increases for decreasing ply thickness as in Eq. (5).3. Cohesive modeling of a transverse crack – Detailed model
In this section, the initiation and propagation of a single trans-
verse crack in a cross-ply laminate is modeled with a detailed
three-dimensional X-FEMmodel. First, the model is described with
discussion of the introduction of inhomogeneity in the crack plane
and of the global response. Then, it is studied whether the in situ
effect on ply strength can be reproduced with this model. Results
are compared with experimental data and theoretical predictions.
3.1. Model description
Simulations are performed with the in-house code for modeling
of failure in composites that has been described by Van der Meer
(2012). The approach is summarized in this section, with special
emphasis on the crack propagation algorithm which has been
adapted for this work to enable three-dimensional simulations
with multiple elements over the thickness of the ply.
The in-plane dimensions of the simulated domain are 20 by
6 mm2 and the layup is [02=90n]s, where the thickness of the 90n
block is varied. The z ¼ 0 plane of symmetry is used to reduce
the model to the upper half of the domain. At x ¼ 0, a zero dis-
placement condition is applied in the x direction, while at
x ¼ 20mm a nonzero uniform displacement is applied, which has
a magnitude that varies during the simulation. In order to followthe equilibrium path through possible snap back behavior a dissi-
pation-based arclength method with adaptive stepping is used.
Two criteria are used to determine the size of the 8-node cubic
elements representing the 90-degree ply: at least ﬁve elements
should be present over the half thickness of the transverse ply
and the maximum element size is 0.1 mm. It has been found that
further mesh-reﬁnement does not affect the results signiﬁcantly.
Delamination is included in the simulations by placing standard
cohesive elements based on Turon’s formulation (Turon et al.,
2006) between the plies.
In the 90-degree ply, the stress is monitored in all elements on a
predeﬁned potential crack plane. When the stress exceeds the in-
put strength of the material inside one of these elements, an X-
FEM discontinuity is inserted in the element and its neighbors on
the fracture plane. Cohesive tractions are applied on the crack
plane to control the energy dissipation due to crack propagation.
For the cohesive tractions, the formulation proposed by Van der
Meer et al. (2012) is used, in which the cohesive law of Turon
et al. (2006) is adapted to ensure an initially rigid connection be-
tween the crack surfaces. The cohesive law deﬁnes the traction
as a linearly decreasing function of the crack opening. This function
is deﬁned by two fundamental parameters: the strength and the
fracture toughness, which may both depend on the fracture mode.
At crack initiation (with zero crack opening) the traction is equal to
the strength, while when the traction becomes zero the amount of
energy that has been dissipated is equal to the fracture toughness.
For the neighboring elements where the stress has not yet
reached the strength, the cohesive tractions start in the hardening
regime. After the onset of softening, the discontinuity propagates
through the neighbors of the initially failed element. As such, the
discontinuity grows through the domain during the analysis. Fol-
lowing Van der Meer and Sluys (2009) the crack growth direction
is ﬁxed to the ﬁber direction, thus keeping the crack straight. Be-
cause the mesh is structured and the crack is aligned with the ele-
ments, it is relatively simple to keep track of the crack front, even
in a three-dimensional analysis. X-FEM is primarily useful for cases
where the mesh is not aligned with the cracks (Ling et al., 2009;
Van der Meer and Sluys, 2009; Iarve et al., 2011). For our current
purpose, however, which involves detailed three-dimensional
analysis on a simple geometry, using irregular meshes would cause
unnecessary complications.
The fracture mechanics theory implies that the material can
withstand stresses that are higher than the in situ strength. When
this theory is translated to cohesive modeling, where not only
toughness but also strength parameters are used, it follows that
the input strength away from the crack nucleus must be higher
than the in situ strength.
Because of the importance of defects in the development of
transverse cracks, it is necessary to include material inhomogene-
ity in the model to obtain localized crack initiation. The question of
where failure initiates is an inherently unpredictable feature of the
transverse cracking problem and the best way to address this prob-
lem is by including a statistical distribution of properties, but it is
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Fig. 2. Schematic representation (with exaggerated stiffness loss) of load–displacement relations from simulations with a single transverse crack.
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(Van der Meer and Dávila, 2012), different strategies to apply spa-
tial material variability were investigated. It was found that the
solution obtained with a single predeﬁned defect exhibits the same
characteristics as the solutions with random property ﬁelds.
The only feature of the response that is inﬂuenced by the spe-
ciﬁc property distribution rather than by averaged properties is
the magnitude of the peak load in cases where there is a load drop
(an explanation of this load drop will follow in the paragraph be-
low). The magnitude of the peak load is strongly inﬂuenced by
the weakness of the weakest spot in the crack plane. The weakness
of the weakest spot, i.e. its size and its degree of property degrada-
tion, is therefore the only really signiﬁcant feature of a statistical
distribution. In any case, ﬁnding correct peak load values requires
calibration of this weakest spot. Therefore, for simplicity, the anal-
yses in this paper were performed with a single predeﬁned circular
defect and constant properties away from this defect. The defect
was placed at the mid-height of the free edge which is the most
critical location.
Before results are presented, the global characteristics of the
initiation and propagation of a single transverse crack in the simu-
lations are discussed. The general features of the response are illus-
trated in Fig. 2 in the form of schematic load–displacement graphs
with exaggerated stiffness loss. The distinction between thick and
thin ply behavior as introduced by Dvorak and Laws (1987) is vis-
ible in the global response. In the thin ply case, the in situ strength
is related to stable crack propagation in the longitudinal direction
at a constant load level. In the thick ply case, however, the in situ
strength is related to a peak load followed by unstable develop-
ment of damage through the thickness of the transverse ply. When
the equilibrium path is followed through the snapback, a plateau
with stable crack propagation is eventually also found in the thick
ply simulations 1. The transverse stress level at which the peak oc-
curs is independent of the ply thickness, while the plateau rises for
decreasing ply thickness. The thickness for which the plateau has
the same stress level as the peak marks the transition between the
thick and the thin ply regimes.
It should be noted that the displayed quasi-static equilibrium
path is artiﬁcial where snapback behavior occurs, because the qua-
si-static approach ignores the dynamic nature of unstable crack
growth at these stages. In the simulations, an arclength solver is1 In reality, the stiffness loss is so small, that the plateau in the thick ply load–
displacement relation is found on the bottom of a snapback. Without arclength
control, one would instantly jump from the peak to the second ascending part of the
response.used to follow the equilibrium path through the snapbacks. This
way, demanding analysis of the dynamics of unstable crack growth
is avoided. Moreover, the quasi-static response with snapbacks is
informative as it gives insight in which part of the process is unsta-
ble and in how much excess energy is available.
3.2. Numerical results with detailed model
All simulations in Sections 3 and 4 are performed with material
parameters for T300/934 carbon/epoxy, taken from Dvorak and
Laws (1987) and estimated when not reported there. The elasticity
parameters for the transversely isotropic ply are: E1 ¼ 163:4 GPa,
E2 ¼ 11:9 GPa, G12 ¼ 5:5 GPa, m12 ¼ 0:3; m23 ¼ 0:4. Residual stresses
are included in the simulations through thermal preloading with
a1 ¼ 0:35  106 C1, a2 ¼ 28:8  106 C1 and DT ¼ 125 C. The
cohesive zone models for delamination and transverse cracking
use pure mode fracture toughness values of GIIc ¼ 500 J/m2 and
GIc as reported per analysis. The Benzeggagh–Kenane mode inter-
action parameter in Turon’s cohesive law (Turon et al., 2006) is
set equal to 1.
For the transverse cracks, it was found that the input strength
did not inﬂuence the stress level associated with longitudinal crack
growth as long as the input strength was chosen higher than the
in situ strength. For the results presented here, a pristine strength
of 120 MPa is used for mode I and mode II. The delamination
strength is 80 MPa for both modes.
The predeﬁned circular defect has the same characteristics in all
simulations. A scaling function f 2 ½0;1 is deﬁned as:
f ðrÞ ¼ min f0 þ ð1 f0Þ rR
 2
; 1
 
ð7Þ
where f0 ¼ 0 is the scaling value at the center of the defect,
R ¼ 0:25 mm is the radius of the defect and r is the distance from
the center of the defect. In each ﬁnite element on the crack plane,
the strength and toughness are scaled with f and f 2, respectively,
evaluated at the element center.
The crack growth in a thick ply case is illustrated in Fig. 3. In the
left diagram, the development of the load is visualized by plotting
the load versus the total energy dissipation, the latter being a
monotonically increasing quantity. As already illustrated schemat-
ically in Fig. 2, the load ﬁrst increases, then drops and then stays
approximately constant. On the right, the state of the crack is
shown for three different time steps. It can be observed that at
the peak load a traction-free zone has developed that has the same
size as the predeﬁned defect. Then, during the load drop, the
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Fig. 3. Crack propagation in a thick ply case (t90 ¼ 1:4 mm, GIc ¼ 170 J/m2): through-thickness propagation in a load drop followed by longitudinal propagation at a constant
load.
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– this is what theory describes as crack propagation in the thick-
ness direction. Next, there is self-similar crack growth in the longi-
tudinal direction under a constant load.
A similar illustration is presented in Fig. 4 for a thin ply case. In
this case there is no distinct load drop. Damage develops as the
load increases to the level that is sufﬁcient for crack propagation
in the longitudinal direction. Longitudinal propagation is of the
same nature as in the thick ply case.
The in situ strengths predicted with two values of the base frac-
ture toughness GIc are shown in Fig. 5. From each simulation, two
values are shown, one related to the maximum (peak) load before
crack propagation and the other to the average load level of the
plateau. For both values, the applied load is related to a transverse
stress value through classical laminate theory with residual stres-
ses. The results in Fig. 5 (a) correspond to a mode I toughness of
GIc ¼ 220 J/m2 determined by Dvorak and Laws (1987) by ﬁtting
their theoretical model predictions to experimental results from
Crossman and Wang (1982); Wang (1984). It can be observed that,
with this value of the fracture toughness, the present model over-
predicts the experimental data. The predictions shown in Fig. 5 (b)
were obtained with GIc ¼ 170 J/m2, which was found by ﬁtting the
predictions of the present model with the experimental data.
It can be observed in Fig. 5 that the in situ effect is captured
very well by the model, particularly with GIc ¼ 170 J/m2. The0 50 100 150 200
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Fig. 4. Crack propagation in a thin ply case (t90 ¼ 0:6 mm, GIc ¼ 170 J/m2): damage devel
a nearly constant load.experimentally observed increase in strength for decreasing ply
thickness is obtained for thin plies, as well as the constant strength
for thicker plies. The transition between the thin ply range and the
thick ply range is characterized in the simulations as the transition
between stable and unstable crack growth. In the thick ply cases,
the peak load level is higher than the load level at which the crack
propagates in a stable manner, as illustrated in Fig. 2.
The best ﬁt of the experimental data using the Dvorak and Laws
theoretical model is obtained with GIc ¼ 220 J/m2, while the best ﬁt
using the X-FEM simulations is obtained with GIc ¼ 170 J/m2. The
explanation for this difference lies in the fact that the theoretical
curve is generated with the assumption nI ¼ 1. It is clear from Eq.
(5) that the curve for the theoretical strength obtained by assum-
ing nI ¼ 1 and ﬁtting GIc ¼ 220 J/m2 is exactly retrieved for any
combination of GIc and nI that satisﬁes GIc=nI ¼ 220 J/m2. Because
the simulations include the effects of the constraining ply as well
as of possible interface damage, it can be concluded that
GIc ¼ 170 J/m2 is a more accurate estimate of the fracture tough-
ness and that a more suitable estimate of the coefﬁcient is
nI ¼ 0:77.
In the simulations with the thinnest plies, damage initiates
from the predeﬁned defect and, nearly simultaneously, from the
pristine free edge. The stress near the free edge reaches the input
strength before the averaged stress level reaches the in situ
strength. Therefore, cracks can initiate in very thin plies, whether(a)
(b)
(c)
Traction free crack
Hardening discontinuity
Cohesive zone
Outline of predefined defect
ops around the defect in the ascending branch and then propagates longitudinally at
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Fig. 5. Predicted in situ strength: simulations with detailed model and predeﬁned defect in comparison with theory (Dvorak and Laws, 1987) and experiments (Crossman and
Wang, 1982; Wang, 1984).
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the crack propagates at the load level associated with the thin ply
strength. With this observation, it can be stated that it is not nec-
essary to include defects or statistical inhomogeneity in simula-
tions with stress concentrations due to geometric features (holes,
notches, etc.). The defects are important for cases where the stress
ﬁeld in the transverse ply is (nearly) homogeneous. When stress
concentrations are present, initiation of damage will occur where
the stress is higher and defects do not play an important role. How-
ever, this only holds when the stress concentrations are sufﬁciently
strong. Initiation away from the defect is not observed in the sim-
ulations with thicker plies, because there the stress concentration
near the free edge is too weak.
The thick ply strength in the simulations depends not only on
the fracture toughness GIc as shown in Fig. 5, but also on the pris-
tine strength, and on the size and intensity of the defect.4. Simpliﬁed model with a single element across the thickness
of a ply
The results in Section 3 demonstrate that ﬁnite element models
incorporating cohesive zone models and multiple elements
through a ply thickness can predict the in situ effect for the trans-
verse ply strength. For practical simulations of laminate failure,
however, it is of primary interest to know whether the in situ
strength effect can also be reproduced with a relatively coarse
through-thickness discretization of only one layer of elements
across the thickness of each ply. Achieving crack opening with a
single element is not trivial because the opening of the transverse
crack results in a displacement ﬁeld with higher order variation
than linear through the thickness of the ply (see Fig. 6, left). In a
model with only one layer of elements in the transverse ply, the
interface prohibits crack opening (Fig. 6, middle). Only in presence
of delamination is there decohesion of the transverse crack, which
is an unsatisfactory representation of the cracking process. There is
no release of strain energy from the transverse ply due to theFig. 6. Illustration of deformation near transverse crack for three different cases: multip
and single element with deformable interface (right).constraining presence of the transverse crack and no meaningful
crack propagation unless it is accompanied by delamination.
However, crack opening in a single layer can be achieved if the
interface is modeled as elastically deformable (Fig. 6, right). In this
case, there can be crack opening without delamination. The trans-
verse ply can unload near the crack and elastic energy is released
as the crack propagates in the longitudinal direction. The question
is how the elastic stiffness should be chosen. The single layer mod-
el is very close to an analytical shear lag model in which two plies
are represented as two one-dimensional bars that are elastically
interconnected (cf. Aveston et al., 1971; Garrett and Bailey, 1977;
Laws and Dvorak, 1988). This analytical model can be used to ﬁnd
a value of the stiffness that gives the same energy release rate as
the linear elastic fracture mechanics solution used by Dvorak and
Laws (1987). In Section 4.1 this will be elaborated. Subsequently,
in Section 4.2 the elastic interface stiffness predicted by the analyt-
ical model will be evaluated in a computational analysis.
4.1. Shear lag model
The numerical model of a cross-ply laminate with a single layer
of elements per ply and an elastic interface under uniaxial tension
can be approximated accurately with the analytical shear lag mod-
el illustrated in Fig. 7. After applying symmetry assumptions, the
two plies are modeled as bars with stiffness E1 and E2, thickness
t1 and t2, and unit width. The constitutive equations of the two
bars are:
r1ðxÞ ¼ E1u01ðxÞ þ rr1 ð8Þ
r2ðxÞ ¼ E2u02ðxÞ þ rr2 ð9Þ
where u1 and u2 are the displacement ﬁelds of the two bars and rr1
and rr2 are residual stresses. The residual stresses are interrelated
to satisfy global equilibrium in the unloaded state:
rr1t1 ¼ rr2t2 ð10Þ
Furthermore, the following equilibrium equations apply:le elements across the thickness (left), single element with rigid interface (middle)
Uncracked
Uncracked
Cracked
Cracked
δ0
u1
u2
u
x
x
x
ε
1
F
F
t1
t2
Fig. 7. Shear lag model for cracked and uncracked state.
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E2t2u002 ¼ Kðu2  u1Þ
ð11Þ
where K is the stiffness of the elastic connection between the bars.
The energy release rate related to crack growth in the longitudi-
nal direction can be obtained by comparing two different states of
this system (see Fig. 7). The ﬁrst state corresponds to an uncracked
laminate and is the trivial case in which a load F is applied on the
far end, while zero displacement boundary conditions are applied
for both bars at x ¼ 0. In this case, the deformation of the two bars
is described as:
u1ðxÞ ¼ u2ðxÞ ¼ ex ð12Þ
with
e ¼ F
E1t1 þ E2t2 ð13Þ
To write the relations in terms of far ﬁeld stress in the transverse
ply r90 ¼ r2ð1Þ, we reformulate Eq. (13) with aid of Eq. (9) as:
e ¼ r90  rr2
E2
ð14Þ
The second state to be considered corresponds to a cracked lam-
inate with the crack at x ¼ 0. Applying different boundary condi-
tions on bar two at x ¼ 0 leads to nonzero shear lag. The
boundary conditions of the second state are:
r2ð0Þ ¼ 0; u1ð0Þ ¼ 0; t1r1ð1Þ þ t2r2ð1Þ ¼ F;
u1ð1Þ  u2ð1Þ ¼ 0 ð15Þ
The solution to the system of differential Eqs. (11) that satisﬁes
these boundary conditions is:
u1ðxÞ ¼ d0eax þ exþ d0 ð16Þ
u2ðxÞ ¼ beax þ exþ d0 ð17Þ
with
a ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K E1t1 þ E2t2ð Þ
E1t1E2t2
s
ð18Þ
b ¼ r90
aE2
ð19Þ
d0 ¼ r90t2aE1t1 ð20Þ
The energy released from this system when going from the ﬁrst
to the second state, DP, can be evaluated as:
DP ¼W  DU ð21Þ
where W is the work done by the external force and DU is the
change in elastic energy of the system. Note that this is the energy
release for instantaneous appearance of a through-width crack,
i.e. this is not the classical fracture mechanics approach dealingwith inﬁnitesimal crack growth but rather a ﬁnite fracture mechan-
ics approach (Hashin, 1996). The elastic energy of the semi-inﬁnite
bars is unbounded, but its change in going from the ﬁrst state to the
second can be evaluated in closed form. With the basic notion that
the strain energy per unit volume equals r2=ð2EÞ, we can write the
energy increment in bar 1 as:
DU1 ¼ t12
Z 1
0
E1d0aeax þ E1eþ rr1ð Þ2
E1
dx t1
2
Z 1
0
E1eþ rr1ð Þ2
E1
dx
¼ 1
4
E1t1d
2
0aþ E1t1d0eþ t1d0rr1 ð22Þ
and similarly
DU2 ¼ 14 E2t2b
2a E2t2be t2brr2 ð23Þ
Furthermore, the elastic connection between the plies holds elastic
energy in the cracked state. This third contribution to DU is denoted
DUsh. It is deﬁned as:
DUsh ¼
Z 1
0
1
2
K u1  u2ð Þ2 dx ¼ K4a bþ d0ð Þ
2 ð24Þ
The total change in elastic energy is the sum of the three contribu-
tions above: DU ¼ DU1 þ DU2 þ DUsh. With E1t1d0 ¼ E2t2b, it is clear
that the terms with e can be eliminated from DU1 þ DU2.
Under the assumption that the load is constant during crack
propagation, which we know to be the case for thin plies, the work
done by the external load is:
W ¼ Fd0 ¼ E1t1 þ E2t2E2 r90  rr2ð Þd0 ð25Þ
The total energy release DP can now be written in terms of a;b and
d0. After substitution of Eqs. (18)–(20) and Eqs. (22)–(25) into Eq.
(21) and reordering, it can be shown that rr2 drops out of the
expression which becomes:
DP ¼ r
2
90
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
E1t1 þ E2t2ð Þt32
KE1E2t1
s
ð26Þ
The absence of residual stress from this expression means that,
according to the shear lag model, residual stresses do not inﬂuence
the level of far ﬁeld transverse stress at which a crack propagates.
The shear lag model represents one quarter of a cross-ply lam-
inate with unit width, such that E1 and E2 refer to the ply stiffness
in the longitudinal and transverse directions in standard notation,
respectively, while t1 is the thickness of the constraining 0-degree
ply and t2 ¼ 12 t90. Taking into account the symmetry on the x ¼ 0
plane, the energy release per unit crack surface in the transverse
ply is related to DP as
G ¼ 2DP
t2
ð27Þ
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Fig. 8. Predicted in situ strength: simulations with a single element through the
thickness and K from Eq. (31), with GIc ¼ 170 J/m2 and nI ¼ 0:77 in comparison with
theory (Dvorak and Laws, 1987) and experiments (Crossman and Wang, 1982;
Wang, 1984).
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GIc ¼ r290
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
E1t1 þ E2t2ð Þt2
KE2E1t1
s
ð28Þ
Solving for r90 gives an expression for the in situ strength in the
shear lag model and hence in the model with single element per
ply and deformable interface:
r90 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GIc
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
KE2E1t1
E1t1 þ E2t2ð Þt2
svuut ð29Þ
With Eq. (29) we can relate the value of the interface stiffness K to
the analytical model for the thin ply in situ strength by Dvorak and
Laws (1987). Equating Eq. (29) to Eq. (5) and solving for K gives:
K ¼ 4E1E2 E1t1 þ E2t2ð Þ
p2 E1  m212E2
 2t1t2n2I ð30Þ
Finally, when E1  E2, this equation can be simpliﬁed to
K  4E2
p2t2n2I
¼ 8E2
p2t90n2I
ð31Þ
This simple expression relates K to the stiffness and thickness of the
ply. According to this expression, K should be chosen inversely pro-
portional to the ply thickness in order to retrieve the thin ply in situ
strength from the shear lag model.
The error in using Eq. (31) rather than Eq. (30) to determine K
depends on the relative stiffness of the transverse and constraining
plies. With t2 ¼ 0:5 mm and t1 ¼ 0:25 mm, the difference in pre-
dicted in situ strength between the different K values is around
2% for carbon/epoxy and around 7% for glass/epoxy.4.2. Numerical results with simpliﬁed model
In this section, the analytical derivation of the interface stiffness
K from Section 4.1 is applied to computational analysis with a sim-
pliﬁed model of a single layer of elements across the thickness of
each ply (counting the 90 ply block with variable thickness as a
single ply). The stiffness of the interface is computed with Eq.
(31) and nI ¼ 0:77. Other properties are the same as in Section 3
including GIc ¼ 170 J/m2. The defect used in the simulations in Sec-
tion 3 is smeared out over the thickness of the transverse ply. As a
consequence, the proportion by which the properties are reduced
near the free edge depends on the thickness of the ply. In contrast
with the detailed model from the previous section, the simpliﬁed
model does not make use of symmetry about the z ¼ 0 plane – in
this case the entire thickness is modeled.
The results are shown in Fig. 8. The accuracy in the predicted
thin ply strength is about as high as with the detailed model with
multiple elements through the ply thickness. The high accuracy of
the simpliﬁed model is due to the proper selection of the interface
stiffness K. The predicted plateau values follow the t1=290 depen-
dence of the theoretical curve, which can only be achieved when
K is computed as a function of ply thickness using Eq. (30) or Eq.
(31).
The simulations with a single element across the ply thickness
do not capture well the constant in situ strength for thick plies.
The thick ply in situ strength is understood to be related to
through-thickness crack propagation, which has been conﬁrmed
by the earlier simulations in this paper. In the coarse approach,
however, this event is not captured – crack propagation in the
thickness direction cannot be represented with a single layer of
elements through the thickness.4.3. Discussion
The results in Section 4.2 show that the thin ply in situ effect
can be reproduced in computational analysis using a model with
a single element through the ply thickness, when a ﬁnite interface
stiffness is used. However, using a deformable interface might have
side-effects when more complex loading conditions are consid-
ered. Under out-of-plane loading conditions, a compliant interface
will reduce the shear stiffness of the laminate. However, it is
possible to compensate for this loss of stiffness by changing the
out-of-plane shear stiffness of the plies, because the added compli-
ance is smaller than the shear compliance of the ply (for typical ra-
tios between E2 and G13 and G23). Assuming that all plies have the
same thickness and that Eq. (31) is used to determine K, the cor-
rected out of plane stiffness G13 and G23 can be computed as:
1
Gi3;corrected
¼ 1
Gi3
 p
2n2I
8E2
; i ¼ 1;2 ð32Þ
For out-of-plane loading, a reduction of K would also lead to a
reduction of the out-of-plane normal stiffness. Here, correction of
the stiffness in the spirit of Eq. (32) would lead to negative stiffness
when E3 ¼ E2 which is undesirable. Alternatively, it is possible to
make the initial stiffness of the interface orthotropic, i.e. to choose
a very high value in the normal direction and use Eq. (31) for the
shear directions. This would give the correct behavior for the trans-
verse cracks and for out-of-plane normal deformation, but an
orthotropic K has a negative effect on the behavior of some cohe-
sive laws in the sense that the realized energy dissipation under
mixed-mode conditions deviates from the input fracture toughness
(Turon et al., 2010). Therefore, it must be concluded that it is not
possible to use a single layer of elements per ply and at the same
time cover the in situ effect and have the correct out-of-plane nor-
mal stiffness and use any cohesive law of choice for delamination.5. Crack density analysis
In this section, the model with a single layer of elements per ply
and a deformable interface is tested on a case with progressive
cracking. An experiment on AS4/3501-6 carbon/epoxy by Nairn
(2000) is selected as reference. In Section 5.1 the additional fea-
tures of the numerical model are described and in Section 5.2 re-
sults are presented. Results obtained with a model using a single
layer of elements in the transverse ply and a deformable interface
0.4
0.6
0.8
1
1.2
Fig. 9. Example of scaling ﬁelds used for strength and toughness in crack density simulations.
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elements through the transverse ply thickness.5.1. Strategy for crack density simulations
In the earlier simulations discussed in this paper, transverse
cracking was restricted to a single plane. In reality, however, cracks
can appear at multiple locations. In this section, the number of po-
tential cracks in the simulations is increased up to the density al-
lowed by the level of mesh-reﬁnement. A minimum crack
spacing is deﬁned as being several times larger than the element
size (Van der Meer and Sluys, 2010).
To ensure crack initiation, the strategy with predeﬁned defects
is used again. In all potential crack planes, a defect is deﬁned on the
free edge. A random spatial distribution of voids would be more
realistic but is not used here for reasons of computational stability.
The more artiﬁcial placement of defects on the same free edge also
simpliﬁes the interpretation of the results, because complex inter-
action between incomplete cracks is avoided.
Earlier publications that intend to reproduce experimental
stress-density data from numerical models emphasize that it is
necessary to use statistical variations of properties for different
cracks (Nairn, 2000; Berthelot and Le Corre, 2000). This necessity
comes from the observation that typical stress-density plots start
off being inclined rather than vertical (i.e. the second crack appears
at a higher load than the ﬁrst and so on). In the initial stage of pro-
gressive cracking, the inclination of the stress-density plot can not
be attributed to interaction between the cracks, since the initial
cracks are too far apart. If different potential crack planes had
the same characteristics, the ﬁrst cracks would appear simulta-
neously and the stress-density plot would start vertically. The
explanation for the fact that it does not start vertically must there-
fore be found in spatial variation of the properties. For the thin ply
regime, where the in situ strength does not depend on the size of
ﬂaws, this variation must be incorporated by changing the aver-
aged fracture toughness from one crack plane to another.
Therefore, a statistical scaling is applied to the failure proper-
ties. For each crack plane, the existing scaling ﬁeld with a single de-
fect is multiplied by a random number. This random number is
generated with a normal distribution around mean one with a
standard deviation that is determined by ﬁnding a good ﬁt with
the initial part of the experimental stress-density measurements.
Theoretically, a normal distribution around one can give negative
numbers, which would be unphysical. However, for the number
of crack planes and standard deviation used, negative numbers
do not occur. An example of the resulting scaling ﬁelds is shownin Fig. 9. The values in this variation are the scaling factors for
the strength; the same values squared are used to scale the tough-
ness. The image in Fig. 9 corresponds to an analysis with the de-
tailed model.5.2. Numerical results of crack density simulations
The previously described model is applied to simulate experi-
ments conducted by Nairn (2000) on an AS4/3501–6 laminate with
[0/902]s-layup. The thickness of the transverse ply is 0.5 mm,
which is close to the transition between the thick and the thin
ply regime. Material parameters are those given by Liu and Nairn
(1992): E1 ¼ 130 GPa, E2 ¼ 9:7 GPa, m12 ¼ 0:3, m23 ¼ 0:5, a1 ¼
0:09  106 C1, a2 ¼ 28:8  106 C1, DT ¼ 125 C. For the trans-
verse cracks, spatial variation of strength and toughness is applied
with an average strength of 100 MPa and a toughness of
GIc ¼ 250 J/m2 (the latter being the optimal for Nairn’s model re-
sults (Nairn, 2000)). Furthermore, GIIc ¼ 500 J/m2 and the interface
strength is again assumed to be 80 MPa. The circular defect is de-
ﬁned with Eq. (7) with f0 ¼ 0:5 and R ¼ 0:3 mm. A normal distribu-
tion with mean one and standard deviation equal to 0.15 is used
for the statistical scaling of the transverse cracking properties. This
ﬁtted variation is speciﬁc for the chosen distance between the po-
tential crack planes, which is set to 0.25 mm. The in-plane dimen-
sions of the simulated domain are 9 mm by 3 mm. With these
dimensions, the crack density increases in steps of 1/9 mm1.
The maximum possible crack density is 4 mm1, which is higher
than the expected maximum density.
The analysis was performed with ﬁve different statistical distri-
butions of properties. The same ﬁve distributions were used for the
detailed three-dimensional model and the simpliﬁed model with a
single layer of elements per ply and an elastic interface.
The development of damage in the detailed model is illustrated
in Fig. 10. It can be observed that the ﬁrst crack appears at the
weakest location (cf. Fig. 9) but as additional cracks form, the effect
of the random distribution of the properties diminishes and the
spacing becomes progressively more deterministic. In the crack
saturation stage, all crack planes develop some degree of damage
near the ply interface, where the stress relaxation from the neigh-
boring cracks is not present. In the ﬁnal image, delamination dam-
age has also started growing from fully developed matrix cracks.
In order to plot crack density versus applied stress, it must be
decided under what conditions a crack is counted. In the present
analysis, a crack is counted when half of the elements of a potential
crack plane have become traction-free. In Fig. 11, the average
stress-density plot from the ﬁve simulations is plotted for both
σ = 182 MPa σ = 273 MPa
σ = 372 MPa σ = 679 MPa
Transverse crack: traction free
Transverse crack: cohesive zone
Delamination: cohesive zone
Fig. 10. Four snapshots from a progressive damage analysis with the statistical distribution shown in Fig. 9. The applied stress level associated with each image is denoted r.
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Fig. 11. Averaged crack density development as a function of global applied stress
with ﬁve different statistical distributions in comparison with experimental data
(Nairn, 2000).
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nearly smooth. The initial part ﬁts the experimental curve well,
due to an appropriately selected statistical variation of material
properties.
Saturation occurs in both experiments and simulations, but the
crack density at saturation is overpredicted by 30%. The overpre-
diction of crack density for high stress appears similar to the mis-
match presented by Berthelot and Le Corre (2000) when neglecting
delamination. In the present simulations, however, delamination
was included and indeed took place in the later stage of the anal-
ysis (see Fig. 10). The prediction of crack saturation could be im-
proved by reducing the delamination strength and toughness to
promote delamination, but we have no justiﬁcation to freely select
those parameters. Perhaps a better ﬁt could also be found by using
different average failure properties, defect deﬁnition, statistical
variation and crack spacing. The most important observation forour current purpose is that the results from the two models are
in close agreement with each other. It is concluded that the mod-
eling approach developed for the single layer of elements per ply
gives the same in situ strengths and crack densities as the detailed
model.6. Conclusions
In this paper it was shown for the ﬁrst time that the in situ ef-
fect can be predicted with cohesive analysis. Three-dimensional ﬁ-
nite element analyses with embedded nonlinear cohesive zone
models for crack propagation were applied to the analysis of [0/
90n]s laminates subjected to uniaxial tensile loading to reproduce
the in situ effect for the ply strength. In all analyses, an initial de-
fect was introduced in the potential crack plane to approximate the
effect of material heterogeneity on crack initiation. Results of the
analysis were compared to the theoretical predictions of Dvorak
and Laws and to experimental data. It was shown that a detailed
ﬁnite element model with multiple elements through the thickness
of a ply can predict the propagation of a crack from a predeﬁned
defect and can also predict the known thickness dependence of
the in situ strength. Moreover, the existence of two regimes, one
for thick plies and the other for thick plies has been conﬁrmed
by the simulations. As described by fracture mechanics-based ide-
alizations, the in situ strength for thick plies is independent of the
ply thickness and is related to unstable through-thickness propa-
gation, while the in situ strength for thin plies is related to stable
propagation in the longitudinal direction.
For practical simulations of laminate failure, it is of primary
interest to know if relatively course models with a single layer of
elements through the 90-degree ply thickness can capture the
in situ effect. Stress relaxation due to crack opening plays an
important role in the crack propagation which governs the thin
ply strength and cannot be captured when only a single element
is used through the ply thickness and the interface between plies
is rigid. However, it was shown that it becomes possible to capture
stress relaxation when the ply interface is made deformable prior
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has been given physical meaning as to represent the shear lag
around a transverse crack. An expression with which the value of
this stiffness can be chosen was derived analytically from a shear
lag model. With this approach, the in situ effect has been repro-
duced with a single layer of elements through the thickness of
the transverse ply. Furthermore, development of crack density dur-
ing progressive cracking was captured with this approach without
loss of accuracy with respect to detailed analysis using multiple
elements across the thickness of the ply.
The proposed method has only been tested for in-plane tensile
loading, which is the loading considered in most of the literature
on the in situ strength. Reducing the shear stiffness of the interface,
as proposed in this paper, will affect the response under out-of-
plane loading. A possible mitigation for the artiﬁcial reduction of
the stiffness under bending and out-of-plane shear conditions, is
to increase the out-of-plane shear stiffness of the plies. However,
this idea has not been tested for the current paper.
An initial defect was included in the analyses to trigger initia-
tion, because the stress ﬁeld in the laminates analyzed is nearly
homogeneous. This defect approximates the effect of material var-
iability on crack initiation. In more general cases, however, where
stress concentrations are present, such a defect is not necessary for
initiation. The inhomogeneity in the stress ﬁeld already ensures
timely initiation. Because the defect is only needed for initiation,
not for propagation which governs the in situ effect, including spa-
tial variability of the properties is not needed to capture the in situ
effect in simulations with stress concentrations. The proposed
method with a single layer of elements per ply can be expected
to predict propagation of cracks that grow from stress concentra-
tions without the need for representation of spatial variability in
the material.Acknowledgment
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